MAT 103A: Complex Analysis (W21) Problem Set 4 (Solutions)

Problem Set 4 (Solutions) (Due 2/5/21 11:59PM)

Your Name:

Names of Any Collaborators:

Please review the problem set guidelines in the syllabus before turning in your work. Note: you may
not use any results proved in class on 2/2/21 or 2/4/21 to solve these problems (i.e. anything after
Section 46 of the textbook cannot be used).

P1. (a) Let w = cos™! 2. Show that cos™' z = —ilog(z +i(1 — 22)/?) by solving the equation

eiw + e—iw

2

z =

! 2 is multiple-valued. By taking the principal branch of log and

1 2 single-valued and analytic), show

(b) The expression for cos™
the principle branch of the square root! (making cos™
that

1 -1
—cos” Tz =

dz (122172
Solution. (a) Multiply through by 2e™ to get a quadratic equation:
e _ 2zt 41 =0.
By the quadratic formula from PSet 1,

] ) 422 — 4 1/2
et — z+ 752 ) — (z2 _ 1)1/2 =z +i(l —z2)1/2.

By definition of the logarithm (there is no need to ”take the log of both sides” - we solved
this kind of equation in full generality in the lecture)

iw = log(z +i(1 — 22)!/?),

Hence, cos™! z = w = —ilog(z + i(1 — 22)1/2).
(b) This is a straight forward computation using the chain rule.
-

P2. Let z : [a,b] — C be a parameterization of a smooth arc C' and suppose f(z) is analytic at a
point zg = z(tp) on C. Show that?

(foz)(t) = f'(2(t)# (1)

when t = tg.

1Evidently, the value of sz cos~ ! z depends on the branch of square root we choose.

2Hint: Write f(2) = u(z,y) + v(x,y) and 2(t) = z(t) + iy(t). Then (f o 2)(t) = u(z(t),y(t)) + v(x(t), y(t)). Use
the chain rule from vector calculus to compute (f o z)’ and then use the Cauchy-Riemann equations.

Created by J.V. Breland (February 7, 2021) Page 1 of 5


https://people.ucsc.edu/~jbreland/teaching/W21_MATH103A/build/W21_103A_syllabus.pdf
http://jadynbreland.com

MAT 103A: Complex Analysis (W21) Problem Set 4 (Solutions)

Proof. Write f(z) = u(x,y) + iv(x,y) and 2(t) = z(t) + iy(¢) so that

(f 0 2)(t) = u(x(t),y(t) + iv(x(t), y(t)).

Since f is analytic at zg, there is a neighborhood of zy on which: the derivative exists, the
Cauchy-Riemann equations are satisfied, and f'(z) = uy(z,y) + iv.(x,y). If z(t) belongs to
this neighborhood, then we have

(foz)(t) = f(2(t)
= ug (z(t), y(t)) + v, (2(2), y(1))

ou dx n ou dy w ov dx n v dy (chai le)
i Wil AR B et Wi in ru
Ox dt Oy dt Or dt ~ Oy dt
Oudr Ovdy . [(Ovdx OJudy . .
= — — — — _— _—— h - S
wdt ot Tl ( 9 dl + o dt) (Cauchy-Riemann equations)
_ (0w o0\ (o dy
“\oz " 'ox ) \ar Tt
= f'(2(1))Z'(t).
Taking t = ¢ in the preceding calculation proves the claim. ®

P3. Let «, 8 € R. Evaluate the following integral of real-valued functions

s T
/ e*® cos fxrdr and / e ¢in Sx dx
0 0

simultaneously by computing a single integral of a complex-valued function. 3

Solution. According to Eulers formula, we have
Re/ elatiB)z gy — / e** cos Bxdxr and Im/ elatiB)z gg — / e*” sin fx dx.
0 0 0 0

Hence, we can compute both integrals simultaneously by computing the single integral

/ elatiB)z g,
0

and taking its real and imaginary parts. If « = # = 0, then the value of the integral is =.
Otherwise, at least one of a, 8 is non-zero. In that case, we have %ﬁe(a“ﬁﬂ = elotif)z

Then by the extension of the Fundamental Theorem of Calculus, we obtain

/7r platityz gy L (e(a+i6)rr _ 1)
0 a+if

= ;21152 (e*™ cos B + e sin S — 1)
_ e (acos fm + fsin fm) — o n ie(w(asinﬁﬂ — BeosfBr)+ 8
= o? + ﬂQ P ﬂ2 -
Thus,
/‘n' € cos BJC de — eo‘ﬂ'(a COSs ﬁT;-i— ﬁsin ﬁﬂ-) —
0 o2+ B2

3Hint: consider the complex-valued function of a real variable f(x) = e®® cos Bz + ie“* sin fx.
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and
e*" (asin S — B cos fr) + B

a2+62

s
/ e*sin fx dr =
0

P4. Let z, 25 € C. Compute the integral

/1dz
c

Proof. The proof is essentially the technique used in one of the implications of the Fundamental
Theorem of Contour Integrals. First, assume that C' is a smooth arc joining z; to zo. Let
z(t) : [a,b] — C be a parameterization of C. Then L z(t) = 2/(t), so by the extension of the
Fundamental Theorem of Calculus we can write

/Cldz—/bz’(t)dt
= z?b) — z(a)

= Z2 — Z1.

where C is any contour joining z1 to zs.

Now, assume that C' is any contour. Then C' is a sum of finitely many smooth arcs, say
C = Z?:l C;. Each arc C; joins a point w; € C to a point w;11 € C where z; = w; and
29 = Wpy1. We see that

= Z/ 1dz (properties of the integral)
i=17Ci
n

= ZwH‘l —w; (C; is a smooth arc)
i=1

= Wpy1 — W1 (telescoping summation)

=22 -2

This completes the solution. ‘

P5. Let C denote the unit circle with positive orientation. Compute the integral

1 1 n
7/ (Jkriz) dz
21t Jo o zZktL
for any integers 0 < k < n.*

Solution. Parameterize the unit circle as z(t) = eli* with ¢ € [0,27]. Then 2/(t) = ie* and we

4Hint: you may assume the binomial theorem holds for complex numbers.
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Pé6.

compute:
2w ’Lt
1A+ _ 1 (1+e ot gt
2mi c Zk+1 o 0 ez(k+1)t

27
/ (14 e)m —ikt ¢

0

1 [P ,

2—/ ( )1" Jelit | e~ gt (binomial theorem)
T Jo

lzn:< )/ zjtefikt dt

27 =

12n:< ) / iRt gy

27 =

If j = k, then /0% = ¢0 = 1 and we obtain

27 o 27
/ U=Rt gt — / 1dt = 27.
0 0

Otherwsie, j —k # 0 and thus e’V has an antiderivative: £ G k) elU=Rt = giG=R)t  Thys,
by the extension of the Fundamental Theorem of Calculus,
/27r GGt g — 1 iG-men _ L im0 _
0 i(j — k) i(j — k) '

Therefore,

Integrate the function f(z) = z over the following contours:
(a) Ci: the line segment joining 0 to 1 + 4;
(b) Cs: the line segment joining 0 to 1, following by the line segment joining 1 to 1 + 4.

Solution. (a) Parameterize C; via z(t) = ¢ + it with ¢ € [0,1]. Then 2'(¢) = 1+ ¢ and by
definition of the contour integral

1
/zdz:/ tFit(1+1)dt
Cl 0

:/1(t—z't)(1+z')dt

1
:/ 2t, dt
0

=1
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(b) The contour C5 is a sum of two curves, say Cy = D1 + Dy where D joins 0 to 1 and Do
joins 1 to 1 4 4. Parameterize D; via z1(t) =t with ¢t € [0,1] and Dy via 2z5(t) = 1 + it
with ¢t € [0,1]. Then by definition of the contour integral

/ Edz:/ Edz—i—/ zZdz
C2 D+ Do
1 1
:/ f~1dt+/ 1+iat-idt
0 0
1 1
/tdt—i—/ i+ tdt
0 0
1

+(i+§):1+z’.

DN | =

This completes the solution. Notice that the integrals of f(z) from 0 to 14 are not independent
of path. We can conclude that Z has no antiderivative on any domain containing the curves
Cl and CQ. -
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